Recap Notes

INTRODUCTION

Everything in the real world is in a three dimensional
shape. The three dimensional geometry is used in
various fields such as art and architecture, space study
and astronomy, geographic information systems etc.
In this chapter we shall study the direction cosines
and direction ratios of line m and also study about the
equations of lines and planes etc.

Direction Cosines and Direction Ratios of a Line

> Ifanon-zerovector 7 (oranylinealongwhich 7 lies)
makes angles o, f3, y with positive directions of axes,
then a, 3, y are called direction angles of 7 (or of the
line). cosa, cosp, cosy are called the direction cosines

of 7 (or line). Any three numbers proportional
to the direction cosines (d.c.’s) of a vector are

called its direction ratios. If 7= xg+y} +zk, then
x ¥z
171717117
are direction cosines of 7 (or any lines along which
7 lies).

X, ¥, zare direction ratios (numbers) and

Relation Between the Direction Cosines of a Line
» Ifl, m, nared.c.’s of a line, then P+m?+n?=1.
Direction Cosines of Line Passing Through Two
Points
> Direction ratios of the line joining (xy, y;, z;) and
(%5, ¥or 25) are X5 = X1, Yy = ¥1, 2, — 21 and d.c.’s are
X2—X +__Yo—lh +

+ ,E , *
V-2 [Sewm-n?  (Te-n)
EQUATION OF A LINE IN SPACE

2~

Equation of a Line Through a Given Point and

Parallel to a Given Vector

> Cartesian Equation : Cartesian equation of a line
passing through (x;, ¥4, z;) and having direction

X=X _Y-¥h1_2-7

ratios a, b, cis
a b c

Three Dimensional
Geometry

Note : Equation of x-axis, y-axis and z-axis are
respectively y=0=2z,z=0=xand x=0=y.
Vector Equation : Vector equation of line passing
through the point A(d) and parallel to vector } is
7=7+Ab, where A € R is a parameter.

Equation of a Line Passing Through Two Given

Points

> Cartesian Equation : Cartesian equations of a line
passing through two points having coordinates
(xy, y1, 7)) and (xy, 2 is L= I7I - Z7A

Y2—X1 Y21
> Vector Equation : Vector equation of a line passing

=21

through two points having position vector 4 and
b isF=d+Mb—d) ,where A€ Risa parameter.
> Collinearity of Three Points : The points A(x;, ;, z;),
B(x,, y,, z,) and C(x3, y;3, z3) are collinear, if
X¥1=X _WN~Y2 _Z~Z
Y2=Ys
CONDITION OF PARALLELISM AND
PERPENDICULARITY OF TWO LINES

> Two lines with direction ratios a,, b, ¢; and a,, b,,
¢, are
(i) Perpendicular
ie,if a;ay+ bbb, + c;c,=0
(ii) Parallel, if 4L _b1_¢1
an bz Cy

SHORTEST DISTANCE BETWEEN TWO LINES

Xy —X3 Z) —Z3

Distance between Skew Lines

(The lines which are neither parallel nor intersecting.)
T




> Shortest distance between two skew lines is the line
segment perpendicular to both the lines.

> Let[; and I, be two skew lines with equations

F=d;+Aby and 7=d,+ ub, , then shortest distance
in vector form is

(by Zzz) (G — )
161 %5

If the equation of lines are given by

L Y70 _Y7V_Z74 and

d=

M by a1
lz.x—xz _Y"¥ _z27%n
) by 3

then shortest distance is

Y2—W1
a by 1

Xy —=X1 =21
ap by 2

2 2 2
[ (brea —baer + (c1y - com ) + (asby — agby)
Distance between Parallel Lines

T (ay)

0
S (ap)
> Let two lines [; and [, are parallel, given by

pr I

F=d +Ab and 7=+ ub respectively, where, 41
is the position vector of a point S on l1 and 4> is the

position vector of a point T on [,. Then the shortest
distance

b (@ — iiy)
[b]
Note: If two lines are parallel, then they are coplanar also.

PLANE

d=|PT|=

Equation of a Plane in Normal Form

> Vector Equation : Let 7 be the position vector of
any point P on the plane. Then equation of plane
is Fon=d , where 1 is the normal unit vector to

the plane and d is perpendicular distance of plane
from the origin.

VA
P(x, y, 2)
?
d—~N
5 Y

> Cartesian Equation : Let P(x, y, z) be any point on
the plane. Then

OP=7’=x§+y}'+zlAc.

Let |, m, n be the direction cosines of 1. Then
n=li+ m} +nk

Now, 7-n=d = (xi+yj+zk)-(li+mj+nk)=d

= Ix+ my + nz = d, which is cartesian equation of
the plane in the normal form.

Equation of a Plane Perpendicular to a Given

Vector and Passing through a Given Point

> Vector Equation : Let a plane passing through a point
A with position vector & and perpendicular to the
vector N . Also, let 7 be the position vector of any
point P in the plane. Then,
(Ff—d)-N =0, which is the equation of plane in
vector form.

ALy, 2)

Y
. NV
> Cartesian Equation : Let the coordinates of given
point A be (xy, ¥;, z;), arbitrary point P be (x, y, 2)
and direction ratios of N are A, B, and C. Then,
a =x1§+y1}'+2112, 7 :xf+y}'+zlz
and N = Ai + Bj +Ck
Now, (F—d)-N=0
= Alx-x)+B(y-y)+Cz-2)=0,
which is equation of plane in cartesian form.

Equation of a Plane Passing Through Three

Non Collinear Points

> Vector Equation : Let R, S and T be three non
collinear points on the plane with position vectors
i,b and ¢ respectively. Also, let 7 be the position
vector of any point P in the plane. Then equation of
plane is (7 —a)-[(b—d)x (€ —d)]=0

— =
(RS x RT)

> Cartesian Equation : Let (x, y1, 29), (X5, V2, Zp) and

(%3, ¥3, Z3) be the coordinates of the points R, S and



T respectively. Let (x, y, z) be the coordinates of
any point P on the plane. Then cartesian form of
equation of plane is

X=X Y-y1 z-7
Xp=X1 Yo—Y1 22—-21|=0
X3=X1 Ys—Y1 2z23—21

Intercept Form of the Equation of a Plane

> Let plane makes intercepts a, b and c on x, y and
z axes respectively. Then equation of plane is

|
a b c

Equation of Plane Passing Through the
Intersection of Two Given Planes

P(a, 0,0)
X

> Vector Equation : Plane passing through the
intersection of the planes 7-7i; =d; and 7 -1y = d,
has the equation 7 - (ii; + Aiip) = dy + Ady

> Cartesian Equation : Plane passing through the
intersection of the planes A;x + By + ¢;z = d; and
A,x + Bx + Cyz = d,has the equation
(Ajx+ By +Ciz-d)) + MAyx + By + Cyz-dy) =0

COPLANARITY OF TWO LINES

> Vector Form: The lines 7 =d; + ?»51 and 7 =i, + uEz

are coplanar if and only if (d, —d;)-(by X by) =0

> Cartesian Form : Two lines X~ *1_Y~¥1_2"21

a by 1
and 27%2 _Y~"Y2 _27% arecoplanarifand only
. ay by 2
if

Xp=X1 Yo2~VY1 2277
111 bl Cl = 0
a by &)

Equation of Plane Containing These Two Lines
> Vector Form : Equation of the plane containing two
coplanar lines 7 =g, + Ab; and 7 =, +ub,, is

(F = iiy).(by X bp) =0

> Cartesian Form : Equation of the plane containing

XX _Y-¥1_z—7

two coplanar lines

a by o
X—X - zZ—Z .
and 2 _Y~Y2 _ 2 s
ay by 153
X=X1 Y=-y1 z2—7
111 bl Cl = 0
a by 3

CONDITION OF PARALLELISM AND
PERPENDICULARITY OF TWO PLANES

(i) If the planes are perpendicular, then

= AA,+BB,+C(C,=0
y A_B_G
(ii) If the planes are parallel, then A, B, Gy
DISTANCE OF A POINT FROM A PLANE

> Vector Form : Consider a point P with position
vector 4 and the plane 7-7i=d.
Then the perpendicular distance from point P to the
|a-ni—d|
plane is 7|
Note : Perpendicular distance from origin O to the

planeis 1=, (sinced=0).

7]
> Cartesian Form : Let P(x,y;, z;) be the given
point with position vector @ and Ax + By + Cz=D
be the cartesian equation of the given plane.
Then d=xji+y;]+zk, i=Ai+Bj+Ck and the
perpendicular distance from P to the plane is
|Ax; +By; +Cz - D|
| Ja2+B2+C2

> The distance of the point with position vector i
from the plane 7.-7i=g measured in the direction
q—a-i

x

of the unit vector b is given by

> The image or reflection (x, ¥, 2) of a point (xy, ¥4, Z7)
in a plane ax + by + cz + d = 0 is given by

X-x; Yy-y1 _z-2z —2(axq+by; +czq +d)
- - - 2

a b ¢ @ +b% +c

> The foot of perpendicular (x, y, z) from a point
(%1, ¥1, 71) on the plane ax + by + cz + d = 0 is given
by

X-x1 _Yy-y1 _z-2z7 —(axq+by;+cz; +d)
- - - 2

a b ¢ >+ +c




Practice Time

OBJECTIVE TYPE QUESTIONS

@ Multiple Choice Questions (MCQs)

1. If a line makes an angle 0,, 0,, 65 with
the axes respectively, then the value of
cos 20, + cos 20, + cos 20, is

(a) 1 () -1
(c) 4 (d 3

. . Cox-=-3 y+2
2. Ifthe equation of a line AB is T = 3

z-5
= R find the direction ratios of a line parallel

to AB.
(@) 1,2,4 ®) 1,2, -4
() 1,-2,-4 @ 1,-2,4

3. Ifa, B, yare the angles made by a line with the
co-ordinate axes. Then sin®o + sin?p + sin’y is

(@ 0 (b) -1 © 2 d 1

4. Ifa, B, y are the direction angles of a vector
14 1
and cos o= —, cos B = 5,thencosy=

2

1 4
a) +—
(a) T

1
b £- © = @

5. If a line makes angles 90°, 60° and 30°
with the positive directions of x, y and z-axis
respectively, then its direction cosines are

143 V31
(a) <§,0, ?> (b) <2 =t 0>
© <£,o,l> ) <

143
2 2 22

6. The direction cosines of the line passing through

two points (2, 1, 0) and (1, -2, 3) are

S

7. Find the direction cosines of the line that
makes equal angles with the three axes in space.

1

(a) iﬁ (b) #1 @ V3

8. Find the direction cosines of the line joining
A(0, 7, 10) and B(-1, 6, 6).

()(3f "3V2 3?)

(© i%

" (550

( 11 1 J @ ( 1 1 )
3232 " 3V2 32 V2 32

9. Find the equation of a line passing through
a point (2, —1, 3) and parallel to the line
F=G+7)+M2i+ ] — 2k).

(@) F=@G+Jj)+u(2—j+3k)

() F=(2—j+3k) +n(2i+]-2k)
© F=@-
(d) F=2i+j+3k)+u2i+]-2k)

)+ 12— j+3k)

10. If (5 é n) are the direction cosines of a

line, then the value of n is

J23 23 2
() T () E © 5

11. The distance of the plane 3x— 6y +2z+11=0
from the origin is

3
@ 5

(a) Eunits (b) lunit
7 7

7 . .
(¢) — unit (d) E units
11 7

12. Find the distance of the point (2, 3, 4) from
the plane 7 - (32 - 6}' + 21;) +11 = 0.

(a) 1 unit (b) 4 units
(¢c) 2 units (d) 3 units
13. Write the direction cosines of a line parallel
R + 2 + 2
to the line r-Y =z .
-2 6



-3
b) —
(b) -
3
d =)
(d) -
x—1=y—2=z—3and l=y—5
o -3 2k 2 3k 1
= are mutually perpendicular, then % is

Sl

-2
b 7 b
2

26
77
x_

14. If lines

equal to

@ -2  ®»-Z @©-10 @-7
7 10

15. The equation of a plane with intercepts 2, 3

and 4 on the X, Y and Z-axes respectively is A.

Here, A refers to

(a) 2x+3y+4z=12 (b) 6x + 4y + 3z=12

(c) 26 +3y+4z=1 (d) 6x+4y+3z=1

16. What is the distance between the planes

20+ 2y—z+2=0and dx +4y —2z+5=07

(a) 2/6 unit (b) 3/2 units

(¢c) 1/6 unit (d) 1/4 unit

17. The equation of a line is given by
4-x y+3 z+2

, the direction cosines

2 3 6
of line parallel to the given line is
@ 2236 b 236
777 777
2 36 -2 36
) 225 QH =22
(©) - (d) i

18. A line makes angles a, f and y with the
co-ordinate axes. If a + B = 90°, then the value
of angle y is
(a) 60° (b) 90° (c) 45° (d) 30°
19. Find the equation of a line passing
through (1, 2, —3) and parallel to the line
x-2 y+1 z-1

1 3 4

x-2 y+1 z-1

@ =777

x-1_ y-2 z+3
1 3 4
x+1 y—-2 z+3 x—-2 y+1 =z-1
= = d = =
© = 3 P B
20. The vector equation of the plane passing
through a point having position vector

(b)

% + 3}' + 4k and perpendicular to the vector
2i+j—2k is

@) F.2i+j-2k)=-1

b) F-2i+j-2k)=8
© F-2i+j-2k)=9
) F.@2i+j-2k)=15
21. The cartesian equation of a line is
x+3:y—5:2+6

2 4
the line is

(@) 2i+3j—6k+\M2i-3j+2k)
(b) —3i+5j—6k+M2i+4j+2k)
(©) —3i-5j+6k+M2i-3j-2k)

. The vector equation for

(d) 3i+5/+6k+M2i—4j—2k)

22. Find the equation of plane passing through
the point (1, 2, 3) and the direction cosines of
the normal as [, m, n.

(@ Ix+my+nz=1+2m+ 3n

(b) Ix+my+nz+({+2m+3n)=0

1
(c) lx+my+nz=§ (I+2m + 3n)
(d) None of these

x—1:y+1:z+10 and
-3 8

23. The lines

x—-4 y+3 z+1
1k
(a) 4 (b) —4 (© 2 (d) -2

24. Find the equation of the plane passing
through (2, 3, —1) and is perpendicular to the
vector 32—4} +7k .
(a) 3x—4y+7z+13=0
(b) 3x+4y—-72—-13=0
() B3x+4y+72—13=0
(d) 3x—4y—-Tz+13=0
25. The equation of a line passing through the point
(- 3, 2, —4) and equally inclined to the axes are
() x—3=y+2=2-4
b) x+3=y—-2=2z+4
© x+3 _ y—2 _ z+4
1 2 3
(d) None of these

are coplanar if & =

26. Find the direction cosines of the line
x—-2 2y-5 z+1

2 -3 0
(a) -2,-5,1 (b) 2,-3,0
3 4 3
27 PN 0 d _7__’0
(©) 5 (d) =



27. The distance of the plane

(2~ 3~ 62 C

7-|=i+—j——Fk|=1 from the origin is
7T 7 7

(a) 1 unit (b) 7 units

(c) % unit (d) 2 units
28. An equation of the plane passing through
the points (3, 2, —1), (3, 4, 2) and (7, 0, 6) is
5x + 3y — 2z = A, where A is
(a) 23 (b) 21 () 19 (d) 27
29. The distance of the plane 2x — 3y +4z—-6=0
from the origin is A. Here, A refers to
6 6

(b) -6 © -——= d —

J29 J29
30. What is the distance (in units) between the
two planes 3x + 5y + 7z=3 and 9x + 15y + 212 =9?

6

(a) 6

0 3 —_— d) 6
(a) (b) (© N (d)
31. Distance of the point (a, B, y) from y-axis is
(@ B () [BI
(© 1Bl + Iyl (@ \Jo? +y?

32. The reflection of the point (o, f, y) in the xy-
plane is

(@ (o, B, 0) () 0,0,y

(© (o, B, 7) (d) (o, B, =)

33. Pis a point on the line segment joining the
points (3, 2, —1) and (6, 2, —2). If x co-ordinate of
Pis 5, then its y co-ordinate is
(a) 2 () 1 () -1
34. The equation of the line joining the points
(-3,4,11) and (1, -2, 7) 1s

x+3 y-4 z-11

(d) -2

@ 2 3 4
) x+3=y—4=z—11
-2 3 2
© x+3:y+4:z+11
-2 3 4
) x+3:y+4:z+11
2 -3 2

35. The vector equation of the line through the
points A(3, 4, —7) and B(1, —1, 6) is

(8) F=(3i—4j—Tk)+AG — ] + 6k)
(b) F=(G—J+6k)+A3i—4]—Tk)
(c) 7=(3i+4]j—Tk)+M=2i-5]+13k)
(d) F=@G—j+6k)+AM4i+3]—k)

36. If the line joining (2, 3, —1) and (3, 5, —3)
is perpendicular to the line joining (1, 2, 3) and
3, 5,7, then A =

(a) -3 (b) 2 () 5 (d 7
37. The value of p, so that the lines 1-x = 73/2;14
p
= z-3 and Tox = y=5 = 6-= intersect at
2 3p 1
right angle, is
10 70
- b) —
(a) T (b) T
10 70
c) — d —
(c) p (d) 9

38. Two lines 7 = G + Ab; and F = dy + uby are
said to be coplanar, if

@) (G —ay) - (B xby) =0

N oA

() |a; b ¢|=0, where (x, y;, 2;) are the
ag by ¢
coordinates of a point on any of the line, and
ay, by, ¢y and a,, by, ¢, are the direction ratios
of b, and b,

(¢c) both (a) and (b)

(d) none of these

39. The lines X*s_ =
-3 1 5

x+1 y-2 z-5
-1 2 5
(a) coplanar

are

(b) non-coplanar

(c) perpendicular (d) none of these

40. If the lines -2 -2 -9 _2-13
1 2 3

and

r-a _y-1_z 2 are coplanar, then a =
1 -2 3

(a) 2 (b) -2

() 3 (d) -3



@ Case Based MCQs

Case-I: Read the following passage and answer
the questions from 41 to 45.

In a diamond exhibition, a diamond is covered

in cubical glass box having coordinates
0(0, 0, 0), A(1, 0, 0), B(1, 2, 0), C(0, 2, 0), 0(0, 0, 3),
A’(1, 0, 3), B'(1, 2, 3) and C’(0, 2, 3).

00,0, 3)

41. Direction ratios of OA are

(a) <0,1,0> (b) <1,0,0>
(¢) <0,0,1> (d) none of these
42. Equation of diagonal OB’ is
x ¥y z X _Yy_z
a —_—=—=—- b —_—= — = —
@ 1 2 3 ®) 0 1 2
x y z
c) —=<=Z2 d) none of these
©) 1=0" 3 (d)
43. Equation of plane OABC is
(@) x=0 () y=0
(c) z=0 (d) none of these
44. Equation of plane O’A’B’C’ is
(a) x=3 ®)yy=3 () z=3 (d) z=2
45. Equation of plane ABB’A’ is
(a) x=1 ®y=1 () z=2 (d) x=3

Case-II : Read the following passage and answer
the questions from 46 to 50.

A football match is organised between students
of class XII of two schools, say school A and
school B. For which a team from each school is
chosen. Remaining students of class XII of school

@ Assertion & Reasoning Based MCQs

A and B are respectively sitting on the plane
represented by the equation 7.(i + j +2k) = 5
and 7- (2 —j+ k) =6, to cheer up the team of
their respective schools.

46. The cartesian equation of the plane on which
students of school A are seated is

(a) 2x—y+2z=38 (b) 2x+y+z=28

() x+y+2z=5 (d) x+y+z=5

47. The magnitude of the normal to the plane
on which students of school B are seated, is

@ 5 (b 6
© 3 @ 2

48. The intercept form of the equation of the
plane on which students of school B are seated, is

(a) %+%+%=1 (b) §+—(y6)+§=1
© T+2+221 (d) |
36 6 36 3

49. Which of the following is a student of school B?
(a) Mohit sitting at (1, 2, 1)

(b) Ravi sitting at (0, 1, 2)

(¢) Khushi sitting at (3, 1, 1)

(d) Shewta sitting at (2, —1, 2)

50. The distance of the plane, on which students
of school B are seated, from the origin is

. 1
(a) 6 units (b) —= units
J6
5 .
(c) ﬁ units (d) /6 units

Directions (Q.-51 to 60) : In these questions, a statement of Assertion is followed by a statement of Reason is given. Choose

the correct answer out of the following choices :

(a) Assertion and Reason both are correct statements and Reason is the correct explanation of Assertion.
(b) Assertion and Reason both are correct statements but Reason is not the correct explanation of Assertion.
(c) Assertion is correct statement but Reason is wrong statement.

(d) Assertion is wrong statement but Reason is correct statement.



51. Assertion: The points (1, 2, 3), (-2, 3, 4) and
(7, 0, 1) are collinear.

Reason : If a line makes angles g,% and

T . . .
1 with X, Y, and Z-axes respectively, then its

divect; . 0 -1 d 1
irection cosines are 0, —— and ——.
V2 V2

If the cartesian equation of a

x-5 y+4 z-6
7 2

4}'+6I%+k(32+7}'+21%).

Reason : The cartesian equation of the line
which passes through the point (-2, 4, —5) and

52. Assertion :

line is , then its vector form is

r=>51-

parallel to the line given by x+3_y-4_z+8
iSx+3_y—4_z+8 5 6
-2 4 -5

53. Assertion : The three lines with direction

. 12 -3 4 4 12 3 3 -4 12
COSINeS s -, '>n’10’10'10’1515 Aare
13713 13 131313 13 13 13
mutually perpendicular.
Reason : The line through the points (1,-1, 2) and

(3, 4, —2) 1s perpendicular to the line through the
points (0, 3, 2) and (3, 5, 6).

54. Assertion : The pair of lines given by
F=i—j+M2i+k) and 7 =2i—-k+ui+j—Fk)
intersect.

Reason : Two lines intersect each other, if they
are not parallel and shortest distance = 0.

55. Assertion : There exists only one plane that
1s perpendicular to the given vector.

Reason : Through a given point perpendicular to
the given vector only one plane exists.

56. Assertion:If a variable line in two adjacent
positions has direction cosines [, m, n and [ + 81,

m + dm, n + dn, then the small angle 60 between
the two positions is given by 802 = 812 + m? + 5n?.

Reason : If O is the origin and A is (a, b, ¢), then
the equation of plane through A at right angle to

OA is given by ax + by + ¢z = a® + b* + 2.
57. Consider the lines lex;Fl: y1-2=2;'1,
L2:x—2=y+2=z—3.

1 2 3

Assertion : The distance of point (1, 1, 1) from
the plane passing through the point (-1, -2, —1)
and whose normal is perpendicular to both the

lines L, and L, is ——

5\f

Reason : The unit Vector perpendlcular to both
~17j Jj+ 5k
5\/5 '

58. Assertion : The equation of a plane which
passes through (2, —3, 1) and normal to the line
joining the points (3, 4, —1) and (2, —1, 5) is given
by x + 5y —6z+19=0.

Reason : The length of perpendicular from the
point (7, 14, 5) to the plane 2x + 4y —z=21s 2+/21.

59. Assertion:Two systems of rectangular axis

have the same origin. If a plane cuts them at

distances a, b, ¢ and a’, b’, ¢’ respectively from
1 1 1 1 1

.. 1
the origin, then — + — + — = + + .
(12 b2 C2 a/2 b/2 C’2

the lines L, and L, is

Reason : The points (; — } + 31%) and 3G + j + k) are

equidistant from the plane 7 - (52 + 2} - 71%) +9=0.

x -3 -4
60. Assertion : The straight line el y__7
z+3 .. .
= 13 lies in the plane 5x —y + z = 8.
Reason : The straight line ~—t =" _274
m c

lies in the plane ax + by + cz + d = 0 iff normal
to the plane is perpendicular to the line & every
point of the line satisfies the equation of the
plane.

SUBJECTIVE TYPE QUESTIONS

@ Very Short Answer Type Questions (VSA)

1. Find the direction cosines of the line
4-x y 1-z
2 6 3
2. Find the vector equation of a line which
passes through the points (3, 4, —7) and (1, -1, 6).

3. The equation of a line are bx —3 =15y + 7=
3 —10z. Write the direction cosines of the line.

4. Find the length of the intercept, cut off by
the plane 2x+ y— z =5 on the x-axis.



5. Write the vector equation of a line passing

through the point (1, —1, 2) and parallel to the

x-3 y-1 z+1
==

6. Find the vector equation of a plane which is

at a distance of 5 units from the origin and its

normal vector is 2i— 3] + 6k.

line whose equation is

7. Write the equation of a plane which is at a
distance of 5v/3 units from origin and the normal

@ Short Answer Type Questions (SA-I)

11. The x-coordinate of a point on the line joining
the points P(2, 2, 1) and Q(5, 1, —2) is 4. Find its
z-coordinate.

12. Find the value of & so that the lines x =—y = kz
and x — 2 =2y + 1 =—-z+ 1 are perpendicular to
each other.

13. Find the vector equation of the line passing
through the point A(1, 2, —1) and parallel to the
line 5x — 25 = 14 — 7y = 35z.

14. Find the coordinates of the point where the
line through (-1, 1, —8) and (5, —2, 10) crosses
the ZX-plane.

x+1 y+3 z+5
5 7

15. Show that the lines and

x-2 y-4 z-6
1 3
point of intersection.

intersect. Also find their

16. Find the perpendicular distance of the point

(1, 0, 0) from the line *—L = “31 _Z2+10 Also

@ Short Answer Type Questions (SA-II)

21. Prove that the line through A(0, -1, —1) and
B(4, 5,1) intersects the line through C(3, 9, 4)
and D(—4, 4, 4).

22. Show that the lines
F=8i+2j—4k+MG+2]+2k);

F=5i— 2}' + u(32 + 2} + 6]%) are intersecting.
Hence find their point of intersection.

23. Using vectors, show that the points A(-2, 3, 5),
B(7,0,-1), C(-3, -2, —5) and D(3, 4, 7) are such
that AB and CD intersect at the point P(1, 2, 3).

24. Find the vector and cartesian equations
of the line through the point (1, 2, —4) and
perpendicular to the two lines

to which is equally inclined to coordinate axes.

8. Find the distance between the planes

2x —y + 2z =5 and 5x — 2.5y + 5z = 20.

9. Find the distance of the plane 3x — 4y + 12z=3
from the origin.

10. Write the vector equation of the line passing
through (1, 2, 3) and perpendicular to the plane

F.(i+2j-5k)+9=0.

find the coordinates of the foot of the perpendicular

and the equation of the perpendicular.

17. Find the value of A, so that the lines

1 —_ — —_ — — —

x:7y 14:z Sand 7 7x=y 5=6 z

3 A 2 3\ 1 5

at right angles. Also, find whether the lines are

intersecting or not.

are

18. Find the equation of the line passing through
the point (-1, 3, —2) and perpendicular to the
lines fzzzzanderZ:y_lz'ZH.
1 2 3 -3 2 5
19. Find the distance between the point
(-1, =5, —10) and the point of intersection of the
x—-2 y+1 z-2
=
20. Aplane makesintercepts—6, 3, 4 respectively

line and the planex—y+2z=5.

on the coordinate axes. Find the length of the
perpendicular from the origin on it.

F=(8-19)+10k)+ M(3i —16] + 7k) and
7 = (150 +29] + 5k) + u(3i + 8 — 5k).
25. Find the shortest distance between the two
lines whose vector equations are

F=(+2]+3k) + LG —3]+2k)and

r =(4f+5}'+6fe) +u(2i+3}+l§a).
26. Find the direction cosines of the line
x+2 2y-T7 b5-z

2 6 6
equation of the line through the point A(-1, 2, 3)

Also, find the vector

and parallel to the given line.



27. Find the shortest distance between the
following lines :
F=2-5j+k+M3i+2)+6k)and
F=Ti—6k+pn(i+2)+2k)
28. Find the shortest distance between the
following lines:
x+1 y+1 2z+1 x-3 y-5 z-T7

7 -6 171 -2 1
29. Find the unit vector perpendicular to the
plane ABC where the position vectors of A, B and

Care 22—}+ IA?,, Z+} +2k and2i+3k respectively.

30. Find the vector equation of the plane
through the points (2, 1, —1) and (-1, 3, 4) and
perpendicular to the plane x — 2y + 4z = 10.

31. Show that the lines b-x _y-7_z+3
—4 4 -5

and

@ Long Answer Type Questions (LA)

36. Find the coordinates of the foot of
perpendicular and the length of the perpendicular
drawn from the point P(5, 4, 2) to the line,

r= —2+3}+I§+k(22+3}—l§).
Also find the image of P in this line.

37. Find the distance of the point (2, 12, 5)
from the point of intersection of the line

F=21-4j+2k +A(3i+4j+2k) and the plane
F.(i-2j+k)=0.

38. Find the vector equation of a line passing
through the point (2, 3, 2) and parallel to the
line 7 =(—2i +3j)+ A2 —3j +6k). Also, find the

distance between these two lines.

x-8 2y-8 z-

7 2
32. Find the image of the point having position
vector 1 + 3} +4F in the plane
F.2i-j+k)+3=0.
33. Find the equation of the plane passing
through the points (-1, 2, 0), (2, 2, —1) and
x-1 2y+1 z+1

2 -1

34. Find the equation of a plane which passes
through the point (3, 2, 0) and contains the line
x-3 y-6 z-4

1 5 4
35. Find the coordinates of the point where the
line through the points A(3, 4, 1) and B(5, 1, 6)
crosses the XY-plane.

are coplanar.

parallel to the line

x-2 y-2 z-3

39. Show that the lines 1 3 1

and

x-2 y-3 z-4
1 4 2

Also, find the coordinates of the point of intersection.
Find the equation of the plane containing the two
lines.

intersect.

40. Find the vector and cartesian equations of
a plane containing the two lines

Fz22+}'—3fe+k(f+2}+5fe) and
F=30+3]+2k+W(3— 2] +5k)

Also show that the line

F=(20+5]+2k)+ p(3i— 2 +5k) lies in the plane.

OBJECTIVE TYPE QUESTIONS

1. (b): Consider, cos 26, + cos 26, + cos 20,

= 2(cos291+ c05262 + cosze3) -3 (. cos2x =2cos’ x - 1)
=2(1)-3=-1

2. (d): The direction ratios of line parallel to AB is
1, -2 and 4.

3. (c¢):a, Pandy are the angles made by line with

the co-ordinate axes.
cos? o+ cos? B+ cos?y =1

= 1-sino+1-sin?B+1-sin’y=1

= sino+sin?p +sin?y=2

4. (a):cos®a+cos?P+cos’y=1

(. a, B, y are direction angles)

19 1 )
= —+—-+cos"y=1

225 9
= cos2y:1—E i:mosy:i—

225 225 5
5.  (d): Let the direction cosines of the line be I, m, n.
1

Then, I=cos90°=0, m = cos60° = > and 71 = cos30° = ?

So, direction cosines are <

1 3 >

0, =, —).
2° 2

6. (c) : Here, P(2,1,0) and Q(1, -2, 3)

So, PQ=/(1-2)* + (-2 12 + (3-0)?

=J1+9+9 =19




Thus, the direction cosines of the line joining two points
<12 2130> <—1 -3 3>
5 e o)\ e T

7. (¢):Sincel=m=nand >+ m?>+n>=1

1
= l=m=n=t—F.
V3
8. (a) : Direction ratios of AB are
(-1-0,6-7,6-10) or (-1, -1, - 4)

Also, {(=1)2 +(<1)2 +(~4)% =32

1 1 -4
Direction cosines are | ——+=, ——=, —=
( 3727 342732 )
( 1 1 4 )
or N A
3v273V27 32
9. (b): The given line is parallel to the vector
20+ /]\'—2IA< and the required line is parallel to the given

line. So, required line is parallel to the vector 2i+ }— 2k.
Thus, the equation of the required line passing through
(2,-1,3)is

F=(20-]+3k)+n(2i +j-2k)

10. (@): - (%, %, n) are the direction cosines of a line

(1)2 (1)2 ) , 23 +23
—| +H| | tn=l=>n"=— =n=
2 3 36 6

11. (a) : We have, equation of plane is 3x - 6y + 2z + 11 =0.
Its distance from origin (0, 0, 0) is
[3x0-6x0+2x0+11] 11 1
| \/32 +(=6)2 + (2)2 ‘ Jo+36+4 7
12. (a) : Here, ﬁ=2;+3]+4k

— units.

The distance of the point (22 + 3}' + 4IA<) is
|(21+3]+4k) (31 6]+2k +11| ‘6 18+8+11

= =1 unit
Jo+36+4 | 7
13. (b): We have, x-3 = y+2 = z+2
-3 -2 6
= Direction ratios are - 3, - 2, 6.
Directi -3 2 6
irection cosines are —, —, —
7' 77"
These are direction cosines of a line parallel to given line.
14. (a): Lines 2= 1_y=2_273 ;ng¥-1_y-5_z-6
-3 2k 2 3k 1 -5
are perpendicular if a;a, + b;b, + c¢;c, = 0.

1
= -3(3k) +2k+2(-5)=0 = k:—70

15. (b): As the plane has intercepts 2, 3 and 4 on X, Y
and Z axes respectively.
The required equation of the plane is

iYL 21 = ex+4ay+32=12
2 4

16. (c) : Given planes are 2x +2y -z +2=0and
4x+4y-2z+5=0.

Let point P(xy, 4, z;) lie on plane 2x + 2y -z + 2 = 0.
= 2x,+2y; -z, =-2

| x1+4y1 221+5| | (2x1+2y1—21)+5|
| JZip | | Jle+ierd |
‘m 1 it
Y36 |6
17. (d): Equation of given line is 4-x Y ; 3 =z Z 2

The direction ratios of the given line are -2, 3, 6.
The direction cosines of the given line are

-2 3 6
JE+9+36" \[4+9+36° J4+9+36

)33

18. (b): We know that cos’o. + cos? + cos?y = 1

= cos’a + c052(90° -o)+ cos’y=1 [. a+p=90°
= cos?a + sin?a + coszy =1=1+ coszy =1

= coszy =0

U

T
cosy=0 = y=§ =90°.

19. (b): Since, the line is parallel to the line
x-2 y+1 z-1
1 3 4
D.r.s of the required line are <1, 3, 4 >

Hence, equation of the line passing through (1, 2, -3)
x-1 y-2 z+3

1 3 4
20. (a): Vector equation of plane passing through a
point having position vector 4 and perpendicular to

with d.r.s <1, 3, 4> is

fi is given by 7.ji=d.i
Here =27 +3] + 4k, fi=2i+ ]2k
.. Required equation = 7.(2 i+ jA— 212) =4+3-8=-1
(b) : The given cartesian equation is
x+3 y-5 z+6
2 4 2
The line passes through the point (-3, 5, -6) and is parallel

to vector 2i + 4}' +2k.

Hence, the vector equation of the line is

F=—3i+5] —6k+A(2i+4]+2k).

22. (a): Equation of plane passing through (1, 2, 3)
having direction cosines of normal as [, m, n is
Ix-1)+m(y-2)+n(z-3)=0

= Ix+my+nz=I1+2m+3n



23. (b): Given lines are x;l _y-() _z-(-10)

-3 8
g XA _y=(3) 2= (1)
1 k 7
Since the lines are coplanar.
4-1 -3-(-1) -1-(-10)
2 -3 8 =0
1 k 7

= 3(-21-8k)+2(14-8)+9(22k+3)=0
= 6k=-24 = k=-4
24. (a): The equation of the plane passing through
(2,3, - 1) and perpendicular to the vector 32 — 4}' +7,1s
3r-2)+ (-4) (y-3) +7(z - (- 1)) =0
= 3x-4y+7z+13=0
25. (b): Since, line equally inclined to the axes.
Il=m=n (D)
The required equation of line is
x+3 y-2 z+4
N
x+3 y-2 z+4
1 1 1
26. (d): The given line is
x-2 2y-5 z+1
2 30
x=2 y-5/2 z+1
2 -3/2 0
Direction cosines are

[using (i)]

= x+3=y-2=z+4

=

2 -3/2 0
2 ¢ 2 ’ 2
22+(_—3) +0? 22+(_—3) +0? 22+(_—3) +0?

2 2 2

i.e.,i,'3/2,o ie., é,i’,o
5/2'5/2 55
27. (a) : We have, ?-(Ef+§]—éf<):1
7 7 7

Here 7 =E;+§}—91Ac
7 77
ABFERECE
7 7 7 49
: . 1] _1 .
Required distance = ﬁ =1" 1 unit

28. (a) : Equation of the plane through (3, 2, -1), (3, 4, 2)
and (7, 0, 6) is

x=3 y-2 z+1
0 2 3 |=0

4 -2 7
ie, 5x+3y-2z=23
A =23

29. (d): Distance of plane 2x - 3y + 4z - 6 = 0 from the
origin is given by,

s |
NP+ (3P +@?| ¥

30. (a) : Given planes are 3x + 5y + 7z = 3 and 9x + 15y
+21z=9

= 3x+5y+7z=3

Both the planes are coincident planes, so distance
between them is zero.

31. (d): Foot of perpendicular from (o, B, y) on the
y-axis is (0, B, 0)

Distance of (o, B, y) from y-axis = distance of
(o, B, ) from (0, B, 0)

= J(0-0)2 + (B-B)* +(0-7)* = Jo? +7

32. (d): Projection of P(a, B, y) on xy-plane is Q(a, B, 0).
If P’ (o', B/, ') is the reflection of P in xy-plane, then
Q is the mid-point of PP'.

= (oc,B,O):(OHOt”Bw'/HY,)

2 2 2
-, ato :(x,B+B =BIY+Y -0
2 2 2

= o=, p=py =
Required reflection is (o, B, -v).

33. (a) : Equation of line joining the points (3, 2, -1) and
(6,2,-2)is,

x-3 y-2 z+1 . x-3 y-2 z+1
6-3 2-2 -2+1 3 0 1
= x=3A+3,y=2,z=-1-1

So, y-coordinate of P is 2.

=\ (say)

€.,

34. (b): DR’s of the line joining the given points are

{1-(-3),-2-4,7-11}

ie,(4,-6,-4)or(-2,3,2)

Now, Equation of line passing through (-3, 4, 11) and

x+3 y-4 z-11
2 3 2

35. (¢):If a=P.V.of A=3i+4]-7k

having direction ratios -2, 3, 2 is

and b=P.V.of B= 2_}'4. 6k, then the equation of line
ABis 7 =d+Mb—d)

7= (3i+ 4] —7k) + M(~2i — 5] + 13k)
36. (d): DR’s of the given lines are 1, 2, -2 and 2, 3,
r-3.
Since, lines are perpendicular.

aa, + byby, + ¢jc; =0
= 1x2+42x3-2(A-3)=0= A=7
37. (b): Equation of the given lines can be written in
the standard form as
x-1_ y—2: z—-3 and x-1_y=5_2-6

31 -5

3 2p 2
7 7



Lines are perpendicular to each other.
a4y + bib, + cic, = 0.

—3p) (2;7) 70
=3) —=- — |[(1)+(2)(-5)=0 =—
=>()(7+7()+()() =P
38. (a) : Two lines T’=Z11+M;1 and 7 =4, +ul;2

are coplanar if (d, —d;) (by xby) =
39. (a):Here,x;=-3,y;,=1,2=5;

a=-3,b;=1,¢c,=5;
y=-1,y,=2,zy=5anda,=-1,b,=2,¢c,=5
Xo—=X; Ya—Y1 Z-z;| |2 10
NOW, ap bl Cq =|-3 1 b5
ay b2 Cy -1 2 5
=2(5-10)-1(-15+5)+0=-10+10=0
Therefore, lines are coplanar.
40. (d): - The lines E:y—_g: z-13 and
1 2 3
x—a y-1 z+2
-~ —=<Z _=Z"_= arecoplanar.
1 -2 3
2-a 8 15
1 2 3|=0=a=-3
1 -2 3

41. (b):D.R'sof OAare<1-0,0-0,0-0>,
i.e,<1,0,0>.
42. (a) : Equation of diagonal OB’ is
x—0=y—0=z—0 je, X_Y_Z

1 2 3 1 2 3
43. (c) : OABC is xy-plane, therefore its equation is z = 0.

44. (c) : Plane O’A’B’C" is parallel to xy-plane passing
through (0, 0, 3), therefore its equation is z = 3.

45. (a) : Plane ABB’A’ is parallel to yz-plane passing
through (1, 0, 0), therefore its equation is x = 1.

46. (c) : Clearly, the plane for students of school A is
Fo(i+ } +2k) =5, which can be rewritten as
(x§+y}'+zf<)-(g+}'+212)=5

= x +y + 2z =05, which is the required cartesian
equation.

47. (b) : Clearly, the equation of plane for students
of school B is 7~(2§—}'+1Ac)=6, which is of the form

Fi=d

Normal vector to the plane is, 7= 2i— } +k and its

magnitude is |7i| =22 +(-1)2 +12 =6

48. (b) : The cartesian form is 2x -y +z = 6,
which can be rewritten as

2x 'y z x, Yy  z
e 4L =
57 370 6

49. (c):Since, only the point (3, 1, 1) satisfy the equation
of plane representing seating position of students of
school B, therefore Khushi is the student of school B.

50. (d) : Equation of plane representing students of
school B is 7.(22_}'4.]2):6, which is not in normal

form, as |7|#1.
On dividing both sides by /22 + (-1)2 +1% =/6, we get
?-(ii-i}+i£)=i,
Joo Vo' Vo) e
which is of the form 7.-n=d

Thus, the required distance is /6 units.

(b): We have, x; =1,y,=2,2,=3;
Xo=-2,y,=3,zy=4and x3=7,1y3=0,2z3=1
Now, 2741 _Yo=V1_2%2~%

X3=Xy Ys~Yz» 232
N -2-1 3-2 4-3

7-(-2) 0-3 1-4

e A S N e B

9 3 3 3 3 3
Given points are collinear.

T
Here, [ =cos— =0
2

m=cos3—n=cos(n n)= s L ——_1
4 4 4 V2
T 1
dn=cos— = —
anda n COS4 \/E
1

Direction cosines are 0,

T

Hence, both Assertion and Reason correct but Reason is
not the correct explanation of Assertion.

52. (c) : In assertion the given cartesian equation is
x=5_y+4_z- 6
3 7 2

= @=5i-4]+6k and b=3i+7]+2k.
The vector equation of the line is given by 7
= F=5i—4]+6k+A(3i+7]+2k)

Thus Assertion is correct.

=G+M\b, AeR.

In reason it is given that the line passes through the
point (-2, 4, -5) and is parallel to
x+3 y—-4 z+8
'3 5 6
Clearly, the direction ratios of line are (3, 5, 6).
Now the equation of the line (in cartesian form) is
x=(-2) y-4 z-(-H) x+2 y—-4 z+5
3. 5 6 3 5 6

Hence, Reason is wrong.




53. (b): For first two lines, having direction cosines
12 -3 4 4 12 3
, we obtain

131313 " 1313713

12 4 (—3) 12 (—4) 3
Ex—4 X—=
13713 (13)713 \13)" 13
Therefore, the lines are perpendicular.

For second and third lines having direction cosines

Ll + mymy + nyn, =

4 12 3 3 -4 12

—,—,— and —, —, ==, we obtain

13" 13 13 13" 13" 137

Iy + mym, + nyn —ixg+gx(_4) 3 12
L LI AR CEV AR E I

Therefore, the lines are perpendicular.
For third and first lines, having directions cosines
3 412 (1234
1371313

13'13'13 °
3 12 (—4) (—3) 12 (—4)
—+| = x| = |+=X%x|—=|=
13 13 \13 13) 13 \13

Therefore, the lines are perpendicular.

Hence, all the lines are mutually perpendicular.

Let the given points are A(1, -1, 2), B(3, 4, -2),
C(0,3,2) and D(3, 5, 6)

Direction ratios of AB are (3-1,4 - (-1), -2-2) = (2,5, -4)
and direction ratios of CD are (3-0,5-3,6-2) = (3,2, 4)
We know that, two lines AB and CD with direction
ratios, a,, by, ¢; and a,, b,, ¢, are perpendicular, if

aya, + byby + 10, =0

Here,2x3+5x2+ (-4)x4=6+10-16=0
Therefore, the lines AB and CD are perpendicular.
Hence, both Assertion and Reason are correct but
Reason is not the correct explanation of Assertion.

54. (a): Here, 4, :f—}‘, 51 =2i+k

, we obtain

L1y + mymy + nyn, =

dy =2i—k and b, =§+}—I§

by # kb, for any scalar k

Given lines are not parallel.
B-(-p=i+j-k
and b, xb, =—i+3]+2k

= by xby|= (12 +(3)2+(2)? = V1+9+4 =114
)-(ByxBy)| _|(G+] k) (=i+3]+2k)|
|b1><b2| | | Ji4

Hence, two lines intersect each other.
Two lines intersect each other, if they are not parallel
and shortest distance = 0.

55. (d): Inthespace, there z
can be many planes that
are perpendicular to the
given vector, but if it also

Now, 7, -, = (2i -

~.S.D.= |( 0

*~P(x}, ¥1> 21)
passes through a given IYI !
point then only one such 0
plane exist. X

56. (b): Given 86 be the angle between the two adjacent
positions.

cosd0 = [(I + 8l) + m(m + dm) + n(n + dn)
= 0880 = (12 + m? + n?) + I8] + mdm + ndn
= cosd0 =1+ [d] + mdm + ndn ()
Also, we have
(L +81)2 + (m + dm)? + (n+dn)> =1
= (P+m?+n?)+ (81 + (dm)? + (dn)*

+2 (1.8 + m.dm + n.dn) =
(51)?) + 2 (cosd0 - 1) =

[using (i)]

= 1+ ((81)%+ (dm)? +

= (81)% + (8m)? + (dn)*> =2 (1 - cosd0)

a2 2)
(3

= (30)°
= 802 =31%+ dm? + on?

In reason, we have 7i= OA = ai + b}' +ck
The required equation of plane is given by
[F—(ai+bj+ck)]-i=0

= F-(ai+bj+ck)—

For very small angle 6, sin 6 = 6]

(ai+bj+ck)-(ai+b]+ck)=
= (xi+yj+zk)-(ai+b]+ck)—(a® +b*+c*)=0
= ax+by+cz=a*+ b+

(@) : Lines L; and L, are parallel to the vectors
i=3i+ } +2k and =i+ 2} +3k respectively. The unit
vector perpendicular to both L; and L, is

ixb _ —i-7j+5k _ —i—7j+5k
lixb| J1+49+25 53
Now, equation of plane through (-1, -2, -1) is
-(x+1)-7(y +2) +5(z+ 1) = 0 whose distance from
13

1,1,1)is =5

58. (c) : Here, N=

(2-3)i+(-1-4)j+(5+1)k

~5]+6k

Now, equation of the plane passing through (2, -3, 1)
perpendicular to N is
-1(x-2)-5(y+3)+6(z-1)=0

= x+2-5y-15+6z-6=0=x+5y-
which is the required equation.

6z+19=0

)-2|_ =321

Length of perpendicular = |27)+4(14) -
J22+42 +( 1)

59. (b): Equation of the plane which cuts the axes at

distances 4, b, c is given by

E + 1 + E =1

a b ¢

Since, the same plane passes through (a’, 0, 0), (0, ¥’, 0)
and (0, 0, ¢’) in other system.



’

Therefore, £ - 1 =
a

IS
[uny

a

b—=1:>11andc—=1:1=l
b b v c c ¢
U S R U

Letd; and d2 be the distances of the point (2 - } + 3]}) and
(32 + 3}' + 312) from the plane.
—7+3k)-(5i+2]-7k)+9
Then, d, = |6 ) 61+2] -7 o9
| et | J78

L |@i3ie3h) siv2j -7y +9|

Pl BRetem | VB
Clearly, d, = d,

. . L X=3_y-4_ z+3
60. (a) : Any point on the line ) — 1
(3, 4, -3), which satisfies the equation of the plane
5x-y+z=8
Also, direction cosines of the line are
\/_2% \/;% Tt > and direction cosines of the
normal to the plane 5x -y + z=8are <5, -1,1>.
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SUBJECTIVE TYPE QUESTIONS

1-z
3
z—

al+bm+cn=

1. The eq. of given line is

1

x—4:z:z—1 N
3

2 6 -3
As 22 +(-6)2+32 =7

Y_
6
Y _
-6

) 2 63
D.c’s. of (i) ar 7y
2. Vector equation of a hne passes through the points

(3,4, -7)and (1, -1, 6) is given by
F=(3i+4]—7k)+M[(i— j +6k) — (31 + 4] - 7k)]

s F=3i+4]-7k+M(—2i—5]+13k)

3. Thegivenlineis 5x -3 =15y +7 =3 -10z

3 7
X—= y+— z——

- 5_7 15_"_10
1 1

5 15 10

N . 1 1
Its direction ratios are —, —, — —
5 15 10

i.e., Its direction ratios are proportional to 6, 2, -3.
Now, /6% +2% +(=3)* =7

Its direction cosines are

> >

N o
NN
N | w

4. Wehave, 2x+y-2z=5
5/2 5 -5
which is the equation of plane in intercept form.

Intercepts on x, y and z-axis respectively are

,5,—5.
. . 5

Required length of intercept = >
5. Vector eq. of the line passing through (1, -1, 2)
and parallel to the line, x=3_y-1_z+1 is

2 -2

F=(i—j+2k)+NG+2j-2k).
6. Let ii=2i—3]+6k

i _2i-3j+6k _2i-3j+6k

|| J4a+9+36 7

So, the required equation of the plane is
;.(2;_§;+§lg):5 = 7-(2i-3j+6k)=35
7 77

7. Let a, B and y be the angles made by 7 with x, y
and z-axis, respectively.
Givena ==y = cosco =cosf =cosy

= | = m = n, where [, m, n are direction cosines of 7 .

1
1= Il=x—
3

But P+m?+n?=1= P+1P+?=

So, l=m=n=i—
NG

The normal form of the plane is Ix + my + nz = d

1
= +—x+—yi—z=5\/§

NERRINERING]
= *xty+z=15
8. Equation of both the planes can be written as
2x-y+2z=5and2x -y +2z=38.
Distance between both the planes
8§-5 3 .
= =—==1unit

atr1+4| o

9. Perpendicular distance from the origin (0, 0, 0) to
the plane 3x -4y + 12z -3 =01is

3x0-4x0+12x0-3|
:—umt
\/3 +(—4) +122 ‘

13

10. The given planeis 7 - (i+ 2}' —5k)+9=0
= fi=i+2j—5k
D.r’s of L to this plane are 1, 2, -5.

So, the line has direction ratios proportional to
1,2,-5.
Eq. of line through (1, 2, 3) and L to the plane is

?z(?+2}'+3fc)+k(§+2}—51§).



11. Given that P(2,2, 1) and Q(5, 1, -2)
k R 1

QG, 1,-2)

Let the point R on the line PQ, divides the line in the
ratio k : 1 and x-coordinate of point R on the line is 4.

P(2,2,1)

So, by section formula

4:M = k=2
k+1
Now, z-coordinate of point R,
_2k+1_-2x2+1
k+1 2+1

= z-coordinate of point R = -1
12. The given lines are

g X0 _y=0_z-0
o -1 1
k
Loxm2 g e
2 1
2

I, is perpendicular to I,.

1) (1
1)+ (_1)[Ej + EEJ(_D =0

1—1—1:0 = 1.1 =
2 k 2 k
13. Vector equation of the line passing through
(1, 2, -1) and parallel to the line
5x-25=14 -7y =35z
x=5_y=-2 __z orx_5= _z
1/5 -1/7 1/35 7 -5 1

k=2

ie.,

is 7= (i+2j—k)+\M(7i—-5]+k)

14. The equation of line through A(-1, 1, -8) and
B(5, -2, 10) is x+1: y-1 _ z+8

541 -2-1 10+8

x+1 y-1 z+8

.., G 3 8 k(say) (1)
Any point on (i) is given by (6k - 1, -3k + 1, 18k - 8).
We know that the coordinates of any point on the
ZX-plane is given by (x, 0, z).

3k+1=0 = k=%

Thus the coordinates of the point where the line joining
A and B crosses the ZX-plane are

(6><1—1, 0, 18><1—8)=(1, 0,-2)
3 3
15. Any point on the line
xglzy;3zz;5=r(say) (i)
is 3r-1,5r-3,7r - 5).
Any point on the line
x-2 y-4 z-6 s
= = =k ...(ll)
I 3 : (say)

is (k + 2, 3k + 4, 5k + 6)
For lines (i) and (ii) to intersect, we must have
3r-1=k+2,5r-3=3k+4,7r-5=5k+6

On solving these, we get r = % k= —%
Lines (i) and (ii) intersect and their point of
. Lo (1 1 3)
intersectionis | =, ——, ——
27 2 2
16. Any point on the given line,
x-1 +1 z+10 )
== = k (say) (i)

2 -3 8
is R(2k + 1, -3k - 1, 8k -10)
If this is the foot of the L from P(1, 0, 0) on (i), then
(2k+1-1) -2+ (-3k-1-0) -(-3) + (8k-10-0) -8 =0
= 4k+9%+3+64k-80=0
= 77k=77=k=1

Ris (3, -4, -2).

This is the required foot of perpendicular.
Also, perpendicular distance = PR
=J(3-1)2+(=4-0) +(-2-0)> =24=26 units.
x-1_ 'y z
T4 2
17. The given lines are
x-1_ y-2 z-3

Also eq. of PR is

11. = =
-3 A/7 2
x-1 y-5 z-6
Iy : = =
and b7 =TT T
Now, I, L1, [Given]
(—3)(—%}&—10:0
7 7
%Jr%_m:o @:10 = A=7

Since for A =7, given lines are at right angles.
Lines are intersecting.

18. Let [, m, n be the direction ratios of the line which
is perpendicular to the lines

fzzzzandx+2:y—1:z+1.

1 2 3 -3 2 5

Then, [ +2m+3n=0and -3/ +2m +5n =0
[ m n I m n

= —

10-6 —9-5 2+6 2 7 4
Eq. of the required line through (-1, 3, -2) having
d.r’s proportional to 2, -7, 4 is
x+1 y-3 z+2
2 7 4
19. Equation of given line is
x-2 y+1 z-2
5 T4 1 e
= x=3k+2,y=4k-1,z=12k+2
Since point (3k + 2, 4k -1, 12k + 2) lie on plane
x-y+z=5




3k+2-dk+1+12k+2=5
= 11k=0 = k=0
Point is (2, -1, 2)
Required distance =y/(2+1) +(~1+5)%+(2+10)?
= J9+16+ 144 = /169 = 13 units

20. Given that -6, 3, 4 are intercepts on x, y and
z-axes respectively.

Eq. of the planeis -~ +¥ +Z =1
a P -6 3 4

= -2x+4y+3z-12=0

Length of the perpendicular from origin to the
plane - 2x + 4y + 3z -12=01is
[2x0+4x0+3x0-12| 12 "

=—= uni

N R T

21. The equation of line AB is given by
x-0_ y+1 z+1

120 541 11t W)

= x=4Ay=6A-1,z=21-1

The coordinates of a general point on AB are
(42, 6 -1, 21 -1)

The equation of line CD is given by

x-3 y-9 z-4
3+4 9-4 4-4
= x=7u+3, y=5u+9,z=4

The coordinates of a general point on CD are
(7u+3,5u+9,4)

If the line AB and CD intersect then they have a common
point. So, for some values of A and i, we must have
dh=7u+3,6A-1=5u+9,21L-1=4

= 4A-7u=3 ..»i), 6A -5n =10 ..(ii)

=M (say)

and A :% ...(iii)

Substituting A = g in (ii), we getp =1

Since A = g and u =1 satisfy (i), so the given lines AB
and CD intersect.

22. The given lines are

F=3i+2j—4k+A(i+2]+2k) and
F=5i-2]+u(3i+2]+6k)

= F=(B+AN)i+(2+21)]+(21-4)k (D)
and 7 = (5+3u)i+(2u—2)] +6uk -.-(if)

If these lines intersect, they must have a common point.
So, we must have

B+A)i+(2+20)]+h—4)k = (5+3u)i+(2u—-2)]j+6uk
= 3+A=5+3u = A-3u=2,
2+2A=2u-2 = A-u=-2,
and 2\ -4 =6u = A-3u=2
= A=-4,u=-2.

The given lines intersect and their point of
intersection is (-1, -6, -12) .
23. Here 4 =-2i+3j+5k b=7i—k
Equation of line joining A and B is,
F=d+Mb-d)
= F=-2i+3]+5k+A9 —3]—6k) . (i)
Again, ¢ =-3i - 2j -5k, d = 3i +4j + 7k
Equation of line joining C and D is,
F=Cc+u(d-7)
= F=-3i—2]—5k+u(6i +6] +12k) ... (ii)
Equations (i) and (ii) will intersect, when
—2i+3] + 5k + A\(9i — 3] — 6k) = —3i — 2] — 5k
+(61 + 6] +12k)
= -2+9A=-3+6u;3-3A=-2+6y;
5-6A=-5+12p
= 9A-6u=-1;31L+6u=5;6A+12u=10

[SSER )

M=

W[

Solving first two equations, we get A =

which also satisfy third equation.

Put A = % in (i), we get the point of intersection of lines

is i+2j+3k=(1,2,3).
24. The given lines are
7= (81—19]+10k) + A (31 — 16] + 7k)
and 7 = (151 + 29 + 5k) + u (31 + 8] — 5k)
Equation of any line through (1, 2, -4) with d.r’s
Lm, nis 7 =(i+2]—4k)+t(li+m] +nk) (i)
Since, the required line is perpendicular to both the
given lines.
3l-16m+7n=0and 3/ +8m-5n=0
1 m n )
= = = — =
80-56 21+15 24+48 2
From (i), the required line is
F=(i+2] - 4k)+ (21 + 3] +6k)
Here, the position vector of passing point is

n

6

m_
3

i=i+ 2}' — 4k and parallel vector is b = 2i+ 3}' +6k
Cartesian equation is given by
x-1 y-2 z+4
2 3 6
25. Here, the lines are
7=(1+2]+3k)+A(i-3]+2k) and
7= (41+5]+6k) + (20 +3] + k)

Here, i) =1+2]+3k, by =1-3]+2k and
dy=41+5]+6k by=2i+3]+k



The shortest distance between the lines is given by
(a2 =) (by x by)
|61 %b; |

dy —iy =31 +3] +3k

ik
byxby=[1 -3 2/=-9i+3]+9%
2 3 1

= |by xby |=(-9)> +3% +9% =3J19
Also, (i, —y)-(by X by)
= (3i+3] +3k)-(-9i + 3] + 9k)
=3x(-9)+3%x3+3x9=9

: d—‘i‘—iunit

' 319 V19

x+2 2y-7 5-z
6 6

26. The given line is

_7
x+2=y 2 z-5 ..(0)

2 3 -6
Itsd.r’'sare 2, 3, -6

J22+32+(-6)% =7
6

Its d.c’s are %, E, -—=
77 7

Eq. of a line through (-1, 2, 3) and parallel to (i) is

x+1 y-2 z-3
2 3 -6
Vector equation of a line passing through (-1, 2, 3)
and parallel to (i) is given by

7= (=i +2] +3k) + M(2i + 3] - 6k)
27. The given lines are
F=2i-5]+k+A(3i+2]+6k)and
F=7i-6k+u(i+2]+2k)
S.D. between the lines 7 = G, + Ab; and
7 =, + b, is given by
(d, —5_1)'(?1 xby)
| b1 %D, |
On comparing, we get
i, =2i-5j+k, by =3i+2]+6k
fy=71—-6k,by=1+2]+2k
iy —d, =5i+5] -7k

=L (say)

d=

=-8i+4k

N O &

N
b1Xb2=3 2
1 2

1B, % by | = y(-8)2 +4% = 45

Hence, d=|(51+5]_7k)'(—81+4k)|
| 45
1587w e 175
45 4/5 5
28, Lety . Xtt_y*l_z+l
7 -6 1
- x—(—l)zy—(—l)zz_(_l)
7 -6 1
and lz;x_3:]/—5:z—7
1 -2 1

Vector equation of lines are
Fe—i-j—k+A(7i—6]+k)
and 7=3i+5]+7k+u(i—-2j+k)
Weget i, =—i—j—k b =7i—6]+k
and i, =3i+5]+7k, by =1-2j+k
o, — = (31+57+70) ~(-1—— ) = 41+ 6 + 8k

A~

I LA A
And, by xby =7 -6 1|=-4i-6]-8k
121

Shortest distance between two skew lines is,
| Oxby) (@~ )

| by x by |

Lo (~4i-6]—8k).(41+6] +8h)|
J4)? + (-6 + (-8)°

= d:‘M‘ = d =229 units

V116
29. Here the position vectors of A, B and C are
respectively 2i—j+k, i+ j + 2k and 2i + 3k.

AB = (i+]+2k) - (2i—j+k)=—1+2]j+k
AC = (2i+3k)—(2i—j+k)=0-i+]+2k
A vector normal to the plane containing points
A, Band Cis

ik
i=ABxAC=|-1 2 1/=3i+2j-k
01 2

The required unit vector
_ _ 3i+2j-k _ 1 (3’1:+2}'—i<)
|| 32224 (1) V14

30. Let the eq. of the plane through (2, 1, -1) be

:x‘m

a(x-2)+by-1)+c(z+1)=0 (1)
Also, point (-1, 3, 4) lies on it.
-3a+2b+5c=0 .. (i)

Also (i) is L to the plane x - 2y + 4z =10
a1+b(-2)+c4=0



= a-2b+4c=0
Solving (ii) and (iii), we get

a b ¢ a b ¢
8+10 5+12 6-2 18 17 4

...(iii)

From (i), required eqn. of the plane is
18(x-2) +17(y-1) +4(z +1) =0
= 18x+17y +4z=49
In vector form, eq. of this plane is
7. (181417 + 4k) = 49.
31. The given lines are
S5-x_y-=7 _z+3 qx-8_2y-8 z-5

—4 4 -5 7 2 3
- X=5_y-7_z+3 and x-8 _y-4_z-5
4 4 -5 7 1 3
The condition of coplanarity of these lines is
Yo=X% Y2-V1 2277
Gl by ‘1 | =
a by )
Yo=X% Y2-Y1 2277
Here, LHS.=| a4 by ot
a by )
8-5 4-7 5-(=3) |3 -3 8
=| 4 4 -5 |=|4 4 -5
7 1 3 7 1 3

=3(12 + 5) + 3(12 + 35) + 8(4 - 28)
=51+141-192=0=R.H.S.

Hence the given lines are coplanar.

32. Let P be the point with position vector

i+ 33’+4IA< =(1,3,4) and the planeis ?.(2? —}'+ l})+ 3=0
= 2x-y+z+3=0 ..()
Any line 1 to this plane passes through P(1, 3, 4) is
x-1_ y-3 z-4

y =T = ~Meay)
Any point M on the lineis QA + 1, -A + 3, A + 4)
This lies on the plane (i).

20 +1) - (-A+3)+ (A +4)+3=0

p

oM

= 6A+6=0= A=-1

Coordinates of point M are (-1, 4, 3).
Let the image of P in the plane (i) be Q(o., B, v), then M
will be the midpoint of PQ.

a+l_ ) B+3 —4 Y+4_ 3

2 2 2

= O(=—3,B=5,’Y=2
Hence, Q(-3, 5, 2) is the image of P(1, 3, 4) in plane (i).

33. Eq. of any plane through (-1, 2, 0) is

ax+1)+bly-2)+cz=0 (i)
Also it passes through (2, 2, -1)
3a+0:b-¢c=0 ...(ii)

Further plane (i) is parallel to the line

1
x—l_y+§_z+1
1 1 -1
a-1+b-1+c-(-1)=0
= a+tb-c=0
Eliminating 4, b and ¢ from (ii) and (iii), we get
a_ b _c
2_2_Lt_y
1= 53 Msay)
= a=MAb=2\and c=3A

Put these values in (i), we get
x+2y+3z=3
This is the eq. of the required plane.

...(iii)

34. Equation of plane passing through (3, 2, 0) is
a(x-3)+by-2)+c(z-0)=0 (i)
x-3 y-6_ z-4

5 4
Since plane contains the line, so
a(3-3)+b(6-2)+c(4-0)=0
= 0u+4b+4c=0 ...(ii)
and a(1) + b(5) + c(4) =0
= a+5b+4c=0
Solving (ii) & (iii), we get

a b c

T6-20 4-0 0-4 "
= a=-4\b=4\ c= -4\
Putting values of 4, b, c in (i), we get
“4A(x -3) +4A(y -2) -4A(z-0)=0
= -4x+12+4y-8-4z=0
= x-y+z-1=0is the required equation of plane.
35. The eq. of the line through A(3, 4, 1) and

Given line is

...(iii)

x-3 y-4 z-1
5-3 1-4 6-1
x;3:22é:5§1 ()
Now (i) meets the XY-plane (whose eq. is z = 0)
x-3 y-4 0-1 1

B(5,1,6) is

=

2 -3 5 5
Lox3_ 1y-4_ 1
2 5 3 5

13 23
= gfgxo is the point where line (i) meets the

XY-plane.



36. The given line is
F=—i+3j+k+A(2i+3]-k)
Its cartesian eq. is
x+1 y-3 z-1 .
= = =)\ 1
> T3 - g M @
Any point Qon (i) is A -1,31 + 3, - A + 1)
Also, the given point is P(5, 4, 2).
Now d.r’s of the line PQ are
(@r-1-531L+3-4,-A+1-2)=(2A-6,3A-1,-A-1).
For PQ to be L to (i), we must have
(2r-6)-2+(Br-1)-3+(-A-1)-(-1)=0
= 14r-14=0= A=1
Qis(1,6,0)
which is the foot of L from P on line (i).
Now, PQ = (5-1)2 +(4—6)? +(2-0)°
= 24 = 26 units.
Further if R(a, B, y) is the image of P in line (i), then
oa+5 _1 B+4 6, Y+2
2 2 2
= a=-3,=8y=-2
Image of P in line (i) is R(-3, 8, -2).
37. The given line is
F=(21—4] +2k)+ M(31+4] +2k)
x;2=y14=Z;2=k(say) ...(1)
Any point onitis (3A + 2, 44 - 4, 2 + 2)
This lies on the plane F.(i-2j+k)=0
= x-2y+z=0 ...(if)
s BA+2-2(4A-4)+20+2=0
= -3A+12=0= A=4
. The point of intersection of (i) and (ii) is
(Bx4+2,4x4-4,2x4+2)=(14,12,10)
Its distance from the point (2, 12, 5)

=J(14-2)? +(12-12)2 +(10-5)?
=144 + 0+ 25 =169 =13 units.

38. Vector equation of a line passing through
(2,3, 2) and parallel to the line

;:(_2f+3]%+)~(2f_3]0+6ﬁ) is given by
F=(21+3)+2k) +u2i-37+6k)

=0

Now, 4 =21 +3], b=21-3]+6k
iy =21+37+2k
Distance between given parallel lines
Ex(ﬁz—ﬁl)|_|(2?—3?+61?)-(4?+0?+212)|
5 | | [V4+9+36| |
8+0+12‘ 20

N/ = - units

39. Any point on the line

x-2 y-2 z-3 G

. = 3 ~ 1 = r(say) (i)
is(r+2,3r+2,r+3)
Any point on the line
x-2 y-3 z-4

1 = 1 = 5 " Keay)
is (k + 2, 4k + 3, 2k + 4)
For lines (i) and (ii) to intersect, we must have
r+2=k+2,3r+2=4k+3,r+3=2k+4
On solving these, we get, r =k = -1

Lines (i) and (ii) intersect and their point of

intersection is (1, -1, 2)

...(ii)

Now, required equation of plane is
x-2 y-2 z-3
1 3 1
1 4 2
= (x-2)6-4)-Wy-2)2-1)+(z-3)4-3)=0
= 2x-4-y+2+2z-3=0= 2x-y+z-5=0

=0

40. The given lines are
F=2i+]—3k+A\(i+2]+5k) (i)
and 7 = 3i+3] + 2k +u(3i — 2] + 5k) ...(ii)
Here, @, =2i+ -3k, by =i+2]+5k
iy =3i+3]j+2k, by =31—-2]+5k
The plane containing lines (i) and (ii) will pass through
i, =2i+]-3k
Also the plane is parallel to two vectors El and 52,

The plane is normal to the vector

I L R .
fi=by xby=|1 2 5/ =20i+10]—8k
3 25

The vector eqn. of the required plane is
(F—dp)-11=0 = F-fi=dy -7
= 7-(20i+10]-8k)=(2i+ ] —3k)-(201+10] —8k)
=40+10+24=74

= 7-(10i+5]—4k) =37 ...(iii)
Its cartesian eqn. is 10x + 5y - 4z = 37

The given line is,

7= (2i+5] +2k) + p(3i — 2] + 5k) ~(iv)

The line (iv) will lie in the plane (iii) if the plane passes
through the point 7 =27+ 5}' +2k on line (iv) and is
parallel to the line (iv).
Now, -(10i+5]—4k)
=(2i+5]+2k)-(10i+5] - 4k) = 37

d lies in the plane (iii)
Also, (10i+ 5] — 4k)- (3i — 2] + 5k)
=10x3+5x(-2)-4%x5=0

Line (iv) is parallel to the plane (iii).

Line (iv) lies in the plane (iii).



